Photon polarization and Wigner's little group 
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To discuss one-photon polarization states we find the explicit form of the Wigner's little group 
element in the massless case for arbitrary Lorentz transformation. As is well known, when analyzing 
the transformation properties of the physical states, only the value of the phase factor is relevant. 
We show that this phase factor depends only on the direction of the momentum k/|k| and does 
not depend on the frequency kP . Finally, we use this observation to discuss the transformation 
properties of the linearly polarized photons and the corresponding reduced density matrix. We find 
that they transform properly under Lorentz group. 
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I. INTRODUCTION 

In recent years a lot of interest has been devoted to 
the study of the quantum entanglement and Einstein- 
Podolsky-Rosen correlation function under the Lorentz 
transformations for massive particles 0, S S IE IE ■ 
In recent papers [E IE| also the massless particle case was 
discussed. One of the key ingredients of these papers 
is the calculation of the explicit form of the little group 
element for massless particle in some special cases to an- 
alyze transformation properties of entangled states and 
reduced density matrix. 

In this paper we derive the explicit form of the 
Wigner's little group element in the massless case for an 
arbitrary Lorentz transformation and discuss the trans- 
formation properties of the linearly polarized photons 
and the corresponding reduced density matrix obtained 
by tracing out kinematical degrees of freedom. As is well 
known in the Hilbert space of massless particles the one- 
particle momentum eigenvectors under Lorentz transfor- 
mation A are multiplied by a phase factor depending on 
A and the particle four- momentum fc'^. We show that 
this phase factor depends only on A and the direction 
of the momentum k/|k| but does not depend on the fre- 
quency k'^ . In contrast to other papers ^ this observa- 
tion enables us to give the description of the transforma- 
tion rules of the linearly polarized photons which are not 
necessarily monochromatic. 



II. WIGNER'S LITTLE GROUP FOR 
MASSLESS PARTICLES 

As is well known, the pure quantum states are identi- 
fied with rays in the Hilbert space. For this reason, on 
the quantum level, we should use ray representations of 
the classical symmetry groups. In our case of the proper 



ortochronous Poincare group P}^, which is the semidi- 
rect product of the proper ortochronous Lorentz group 
and the translations group T'^, its ray representa- 
tions (so called double-valued representations) are faith- 
ful representations of the universal covering of Pj^, i.e., 
the semidirect product of SL{2, C) and T^. Moreover, 
the faithful representations of P_[ are homomorphic rep- 
resentations of its universal covering group. 

We use the canonical homomorphism between the 
group SL{2, C) (universal covering of the proper or- 
tochronous Lorentz group L^) and the Lorentz group 

^ S'0(l,3)o This homomorphism is defined as 

follows: With every four-vector fc^ we associate a two- 
dimensional Hermitian matrix k such that 



(1) 



where ai,i ~ 1, 2, 3 are the standard Pauli matrices and 
(To = /. In the space of two-dimensional Hermitian ma- 
trices the Lorentz group action is given by 



k' = AkA\ 



(2) 



where A denotes element of the SL{2, C) group corre- 
sponding to the Lorentz transformation A(A) which con- 
verts the four-vector k to k' (i.e., k"^ = h^^k^) and 
k' = k'^a^^i. The kernel of this homomorphism is iso- 
morphic to Z2 (the center of the S'L(2,C)). 

Now, let us focus on the case of massless particles. An 
explicit matrix representation Q of the null (light-cone) 
four-vector k can be written as 



1 



71_ 
1-7^3 



(3) 



where n± 
kf'k,, 



± m2, n = k/|k|, fcO = |k| and det k 



0. In this case we choose the standard four- vector 
as A: = (1,0,0,1). In the matrix representation (j2Jl the 
following matrix is associated with k: 
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Now, let us find the stability group of k, i.e., Aq G 
5i(2,C) which leaves k invariant. All such Aq form a 
subgroup of the SL{2,C) group, i.e. 

(stability group) = {Aq G SL{2, C) : k = AokAj,}. (5) 

As is well known 1^ the stabihty group of the four- 
vector k is isomorphic to the E{2) group of rigid motions 
of Euclidean plane. We can easily find the most general 
Aq by solving the equation k = AokAj. We get 



An = 



e 2 

, e 



z 



(6) 



where z is an arbitrary complex number. Since the 
SL{2, C) is the two-fold covering of the Lorentz group, we 
restricted the values of ip to the interval (0, 2tt). Our pur- 
pose is to find the Wigner's little group element W{A, k) 
corresponding to k and the Lorentz transformation A, 
namely 



W{K,k)^LllKLk, 



(7) 



where Lk € L\_ is determined uniquely by the following 
conditions: 



Lkk, 



(8) 



In order to find the corresponding element 5'(A, k) in 
SL{2, C) such that W{K, k) = A(S'(A, fc)), i.e. 



S{K, k) = AllAA 



(9) 



where h.{Ak) = Lk, we have to first calculate the matrix 
Ak ■ We can do it by solving the matrix equation 



k = AkkAl 
After simple calculation we get 

Ak = C/nS(fc°), 

where 

1 /I 



n — rt_ 
1 + n' 



(10) 



(11) 



(12) 



represents rotation i?n which converts the spatial vector 
(0,0,1) to n, while 



B(fc°) = 




(13) 



represents boost along z-axis which converts k to k^k. 
Therefore 



Au: = 



1 



fc°(l + n3) 



y/2kO{l + n^) \ k°n+ 1 + : 



(14) 



Note that according to Eq. ((Sj) Aj, = I. Now, an arbitrary 
Lorentz transformation A{A) is represented in SL{2, C) 
by the corresponding complex unimodular matrix 



(15) 



To calculate AAk we simply use the formulas H2I3|I to find 
k' and then identify k' = Ak. We find 



2 

,3 26 

n = 1, 

a 

2c 



a 

n'_ =n'. 



(16) 

(17) 

(18) 
(19) 



where 



a={\af + \7f){l + n') + {\f3f + \Sf){l-n') 

+ ial3* +j6*)n^ + ia*p + YS)n+, (20) 
b =|ap(l + n^) + |/3|2(1 - n^) + aP*n^ + a*(3n+, 

(21) 

c =a*7(l + n^) + /3*S{1 - n^) + P*jn^ + a*Sn+, (22) 

and n' — k'/|k'|. Therefore we can find the explicit form 
of ^(A, fc) by means of Eqs. © and (fnji . We have to 
calculate only the elements ^(A, k)ii and S{A, fc)i2, since 
the general little group element © depends only on the 
phase factor e* 2" and complex number z. A straightfor- 
ward calculation yields finally the following formulas: 

i ^(A.k) (a(l + 71^) + /3n+)b + (7(1 + n^) + 5n+)c* 



z(A,fc) 



ay/b{l + 71.3) 

(23) 

(-an_ + /3(1 + n^))b + (-771- + S{1 + n^))c* 



fcOa^6(l + 77.3) 



(24) 



where a, b, and c are given by Eqs. H20I22|I . 

The unitary irreducible representations of the Poincare 
group are induced from the unitary irreducible repre- 
sentations of the little group of the four-momentum k'^ 
(i.e., the E(2) group in the case of the massless parti- 
cles) O 111! . Now, we have two classes of the uni- 
tary irreducible representations of E{2): the faithful infi- 
nite dimensional representations and the one-dimensional 
homomorphic representations of E{2), isomorphic to its 
compact subgroup S0{2) C E{2). Because there is no 
evidence for existence of massless particles with a contin- 
uous intrinsic degrees of freedom the physical choice is the 
last one [13. Thus by means of the induction procedure 
|lOl | the four-momentum eigenstatcs transform according 
to the formula 



C/(A)|fc,A) =e*^'^(^''=) |Afc,A). 



(25) 
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In the above formula U (A) denotes unitary operator rep- 
resenting A in the unitary representation of the Poincare 
group while the helicity A fixes irreducible unitary rep- 
resentation of the Poincare group induced from SO{2)] 
A takes integer and half- integer values only [Tol ITU . We 
use invariant normalization of the four-momentum eigen- 
states |fc,A), i.e., {p,a\k,\) — 2k^6a\5{\<i — 'p). Thus, 
when analyzing the transformation properties of physi- 
cal states only the value of the phase is relevant 
(Eq. H23|l V So it is very important to stress that the 
value of the phase ip depends only on A and n and does 
not depend on the frequency fc": 



V'(A,fc)=V(A,— ) = V(A,n). 



(26) 



Note also that momenta of massless particles which are 
parallel in one inertial frame are parallel for every inertial 
observer, i.e.. 



k 



IpI 



_p_ 

IpT 



(27) 



where k' = Ak, p' = Ap. Indeed, for massless particles, 
k and p are parallel iff the corresponding four-momenta 
are Lorentz orthogonal, i.e., k^^p^ = 0. Since k^p^ is 
a Lorentz invariant then this holds in all inertial frames. 
Equation (|27|l can be also verified explicitly by using Eqs. 
(|17I19|) . The above property holds good only in the mass- 
less case. 

Now, using Eq. (|23|l we can immediately obtain the 
value of e*''"'^^''^^ in a number of special cases considered 
elsewhere. 

Rotations: In the case A = i? we have R = A([/) 
where U G SU{2) C S'L(2, C), thus we put 



7 ^ 



1 



and from (|23|l we get the following simple formula: 
a(l + n^) /?n+ 



a*{l + n^) + f3*n^ ' 



(28) 



(29) 



For the given rotation R the explicit form of a and /3 can 
be expressed by, e.g., Euler angles (see, for example, Ref. 
[l3). Also note that from Eq. we get 



z{R,k) = 0. 



(30) 



Now let us consider the special case of the rotation i?(xn) 



around the direction n. The matrix U, 



Rixr 



representing i?(xn) can be written in the form |13| 



e sui2) 



cos ■ 



■3 • X 

zn-'CT," sm — . 



(31) 



Thus inserting the corresponding values of a and (5 to 
Eq. I|29|) . we find in this case 



(33) 



As the next example, we consider the rotation R{x^) 
around the z-axis. In this case (see Ref. [T^ 'l 



U 



e-'t 



(34) 



therefore from Eq. (j^ . we get the same formula as pre- 
viously 



gi?/;(fl(xz),n) _ ^ix 



(35) 



Boosts: Pure Lorentz boost A(v) in an arbitrary 
direction e = can be represented by the following 
5L(2,C) matrix [l^: 

A( \ — |?e^ o-j — f cosh I + e"^ sinh | e_ sinh | 

\ e+ sinh | cosh | — e'^ sinh | 

. 

where the parameter f is connected with the velocity of 
the boosted frame by the relation 



tanh^ — —V 



(37) 



and e± = ± ie^ (we use natural units with the light 
velocity equal to 1). Inserting the corresponding values 
of a and f3 into Eqs. (|20I22|) . we arrive at the relations 
of the form 

a = 2(cosh^ + e • nsinh^), (38) 

b = cosh^ + + (e^ + e • n) sinh^ + e^e • n(cosh^ - 1), 

(39) 

c = n+ + (sinh^ + e • n(cosh^ - l))e+. (40) 

Now, the corresponding little group clement can be ob- 
tained from Eqs. (|23I24() . We consider here two special 
cases: boost A{vn) along the n direction and boost A(i;z) 
along the z direction. In the first case, we have e = n 
and from Eqs. H38I40|I and H23I24|) . we find 

gzV(A(i,„),fc) ^ z{A{vn), k) = 0. (41) 
In the second case, we have 



Thus, 



Inserting above values to Eqs. and if^ . we get 



(42) 



U. 



Rixn) 



''cos ^ -l- in^ sin ^ in_ sin ^ 
. sin ^ cos ^ — in^ sin ^ 



(32) 



il;{A{vz),k) = 0, z(A{vz),k) ^ —J 



fc0(i-n3) 



(43) 
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III. TRANSFORMATION LAW FOR LINEARLY 
POLARIZED LIGHT 

Now, we apply the above results to discuss some trans- 
formation properties of the polarized states and reduced 
density matrix for photons. 

Let us consider first the classical electromagnetic field. 
As is well known the monochromatic plane electromag- 
netic wave is in general polarized eliptically. In the spe- 
cial case of the linear polarization we can deal also with 
the plane wave which is not necessarily monochromatic. 
In this case the electromagnetic field tensor can be writ- 
ten as 



F'^'ix) = jc-f ^^/(rf - n • x) 



(44) 



for the lineary polarized wave propagating in the n direc- 
tion, where the tensor !F'^'^ is x'^ independent. It is ev- 
ident that the above formula is covariant under Lorentz 
transformations. It means that Lorentz transformations 
preserve linear polarization of an arbitrary plane wave 
(not necessarily monochromatic) . We show that it is also 
the case on the quantum level. ^^^^ 

As is well known (see, e.g., Refs. |llll4j ') the one- 
photon representation space is spanned by the vectors 
{|fc, 1) , |fc, —1)} because the parity operator changes the 
sign of the helicity. Let us consider first the monochro- 
matic linearly polarized plane wave. The photon state 
corresponding to such a wave is of the form jl4| 



T 1 

\k,cj,)^\{k°,\k\n),cp)^-^ J2 e'^*|fc,A), 



(45) 



A=-l 
A/0 



where fc" = |k| and the momentum independent angle (f> 
determines the direction of the polarization in the plane 
perpendicular to the direction of the propagation n. The 
general linearly polarized state corresponding to the wave 
(05 has the form 



1 



V2 



,jA0 



d|k|5(|k|) |(fc°,|k|n),A), 



(46) 

where n is fixed. The state (|46f) is a tensor product of mo- 
mentum direction and polarization states in each Lorentz 
frame. Let us note that states belonging to the proper 
Hilbert space (wave packets) cannot be exactly linearly 
polarized states. However, linearly polarized states ll^ 
can be approximated (as tempered distributions) with 
an arbitrary accuracy by sequences of wave packets. It 
is interesting to point out a parallelism between classi- 
cal and quantum description of ideal linearly polarized 
states. Namely, on the classical level they have infinite 
total electromagnetic energy while on the quantum level 
they lie out of the proper Hilbert space of the wave pack- 
ets, i.e., they are distributions. 

Now, we show that for every inertial observer the lin- 
eary polarized state i4b\ l remains lineary polarized. In- 



deed, taking into account Eqs. H23I26|I we find 

C/(A) |g,</.,n) =_L^e^A(0+v,(A.„)) 



d|k|3'(|k|)|(fcMk|n'),A) 



where 



= |5',<^ + V,n') 



/(|k|) = ^g(^), 
a a 



(47) 



(48) 



a is given by Eq. and by virtue of Eq. lf?7|l the di- 
rection n' is fixed, too. Therefore, the state we received 
is again linearly polarized. 

Now, we discuss the transformation of the reduced den- 
sity matrix for lineary polarized plane wave. In general 
for the reduced density matrix describing the helicity 
properties of the state 



l/)^E / dfiik)h{k)\k,X) 



we obtain the following formula: 

. _ Jdi,{k)U{k)f*{k) 

where we have used the Lorentz invariant measure 

d^k 



dnik) = e{k'^)5{k^)d'^k 



2|k| 



(49) 



(50) 



(51) 



It should be noted that in general the state |/) can be a 
tempered distribution (it does not necessarily belong to 
the Hilbert space but rather to the Gel'fand triple), as 
for example four-momentum eigenstates. In such a situa- 
tion the formula ifSUI) should be understood as a result of 
a proper regularization procedure. Applying the above 
considerations to the density matrix describing the state 
\g, (f), n) we get the following reduced density matrix: 



PA.(5,'^,n) = -e'(^-'^)^ 



1 / 1 e^*"^"" 



(52) 



(53) 



which in fact represents a reduced pure state because 
= p. The above density matrix transforms properly 
under Lorentz transformations, namely 



gii/'(A.n) \ /e-«'/'(A.n) Q 



= 2(^g-2.(V^) 1 j =p(5',</' + ^,n'). (54) 
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We stress that the fact that the hnearly polarized state 
admits a covariant reduced density matrix description 
in terms of hehcity degrees of freedom is related to the 
property of the Lorentz transformation that it does not 
generate entanglement between momentum direction and 
helicity. 

Finally, let us note that the von Neumann entropy cor- 
responding to the density matrix (|53|l is equal to zero. 
Evidently it is Lorentz- invariant in view of Eq. H54|l . 

Our discussion can be easily recast in terms of polar- 
ization vectors defined according to Ref. > for different 
approach see also Ref. p^ . 

IV. CONCLUSIONS 

We have found in this paper the explicit form of the 
Wigner's little group element in the massless case for ar- 



bitrary Lorentz transformation. Using this result we have 
shown that the light wave which is linearly polarized (but 
not necessarily monochromatic) for one inertial observer 
remains linearly polarized also for an arbitrary inertial 
observer. We have also shown that the reduced density 
matrix describing linearly polarized photon, obtained by 
tracing out kinematical degrees of freedom, transforms 
properly under Lorentz group action. Moreover the cor- 
responding von Neumann entropy is a Lorentz scalar. 
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